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Introduction
In this note we consider string theory on a two dimensional Extremal Black Hole (EBH), corresponding to the exact maximally asymmetric quotient Conformal Field Theory (CFT) background SL(2,IR)×U(1) L U (1) . Strings propagating in 2-d black holes may serve as useful toy models for the study of black holes in a theory of quantum gravity (see [2] for a review). Our interest in this particular 2-d EBH is four fold:
(1) It is an exact CFT background with a constant dilaton, which thus can be used to study some aspects of the black hole physics in standard perturbative string theory.
(2) It has an infinite space-time Virasoro symmetry which may allow a better understanding of its properties, such as the entropy.
(3) It can be embedded in a two dimensional heterotic string theory, which might have a useful Conformal Quantum Mechanics dual.
(4) It is equivalent to string theory in AdS 2 with a gauge field, and hence might shed more light on the conjectured AdS 2 /CF T 1 correspondence or, alternatively, be analyzed non-perturbatively by using this duality.
We begin in section 2 by reviewing the 2-d Charged Black Holes corresponding to a family of exact CFTs -the (left-right asymmetric) quotients SL(2,IR)×U(1) U(1) [3, 4, 2, 5, 6, 7] . In section 3 we consider the extremal case, and show that its corresponding exact CFT -the maximally asymmetric quotient -captures the near horizon physics, and is equivalent to an AdS 2 background with a gauge field. In section 4 we sketch the construction of various string vacua on EBH ×N , and in section 5 we construct a two dimensional heterotic string on EBH ≡ AdS 2 . We show that in all string vacua on EBH there is a space-time Virasoro symmetry, similar to string theory on AdS 3 [8] , which enhance some global Lie symmetries to affine symmetries in the conjectured space-time dual Quantum Mechanics. On the way, we find evidence that the 2-d heterotic string is closely related to the N = (2, 1) string [1] .
In section 6 we discuss the entropy of these 2-d black holes, evaluated by using some aspects of its non-perturbative dual, and recall that the reflection coefficient for waves scattered from its event horizon, evaluated perturbatively in its exact CFT description, is smaller than one. Finally, in appendix A we describe AdS 2 in various coordinate systems, and in appendix B we show that the EBH background is equivalent to a maximally asymmetric orbifold of AdS 3 -the extremal BTZ black hole.
2-d Charged Black Holes as exact CFTs -a review
We consider string theory on the background CBH×N , where CBH is the Here g ∈ SL(2, IR) k -an SL(2, IR) WZW model at level k -(
where L, R stand for left-and right-movers, respectively. Note that the gauging (2.1) does not act on x R and, therefore, this background can be embedded, in particular, in a 2-d heterotic string, where x R does not exist and with x L being part of its chiral internal space (see section 5).
The sigma-model background corresponding to this exact
CFT is three dimensional. Taking a small U (1) radius (relative to the SL(2, IR) radius √ k), a KaluzaKlein (KK) reduction to two dimensions with a gauge field is justified. In a 2-d heterotic string this background is
, which is two dimensional with a gauge field.
To obtain the sigma-model background, we first choose to parametrize
For each choice of g δ (θ) this parametrization covers a certain region of the SL(2, IR) group manifold (or its universal cover -SL(2, IR) ≡ AdS 3 ). We denote by regions A, B, C the ones corresponding to
respectively. After gauging (2.1) (with the gauge fixing choice z = 0) and a KK reduction one obtains, in each region, a two dimensional metric, a dilaton Φ and a gauge field A y (for details see [6, 7] ):
4)
1 We set l s = 1.
B :
Here,
where w.l.g. we chose p 2 ≤ 1, and Φ 0 is a constant, related to the dilaton on the group SL(2, IR) theory by
Region A is obtained from region B by taking θ → iθ, while region C is obtained from B by θ → iθ + π/2 [6] .
Next we do a coordinate transformation
In these Schwarzschild-like coordinates, the background (2.4) -(2.6) takes the form
where
with
and
Note that
where p 2 is defined in eq. (2.7).
This background is a 2-d CBH with mass M and charge Q -the one discovered and studied in [3] . The inner (Cauchy) and outer (event) horizons are located at r = r ± , and the singularity is located at r = 0. Region A (2.4) is mapped to the region outside the event horizon r + < r < ∞. Region B (2.5) is mapped to the region between the outer and inner horizons r − < r < r + . Region C is mapped to the region beyond the inner horizon r < r − ; the region beyond the singularity corresponds to r < 0 or, equivalently, a positive r but M < 0. 2 The maximal extension of the CBH is given by taking the infinite regions obtained from gauging the universal cover of SL(2, IR); see [6, 7] for details.
In type II and type 0 string theory on CBH × N the CBH part is a SCFT on
. The central charge of the CBH superconformal sigma model is c cbh = (3 + In string theory, generically the exact coset CFT backgrounds corresponding to the CBH receive higher order α ′ ∼ 1/k corrections (see e.g. [11, 12] and references therein). In string vacua corresponding to "left-right symmetric" supersymmetric quotients we do not expect such corrections to the metric [13, 14, 15, 16, 11, 12] . 
2-d Extremal Black Holes as exact CFTs
We now consider string theory on the background EBH × N , where EBH is the 2-d
Extremal Black Hole. This is, apparently, a special case of the discussion in the previous 2 In string theory, one may consider also the region beyond the singularity [9, 2, 6, 10] .
3 For the 2-d heterotic string in such quotients -where the background is supplemented by a (higher order in α ′ ) gauge field which is set equal to the Lorentz connection -the metric does not receive α ′ corrections; see [12] for details.
section for which M 2 = Q 2 or, equivalently, r + = r − (p 2 = 1). In this case ψ = π/2 (2.7)
and hence the gauging (2.1) acts only on SL(2, IR)
In the "group coordinates" y, θ or, for convenience,
we find the following metric and gauge field in the various regions. The 2-d metric in regions A and C (2.4),(2.6) is now identical, while the gauge field is the same up to a sign (which can be changed by y → −y) and an additive constant,
where the (∓) in the gauge field is (−) in region A and (+) in C. In region B (2.5), we
The dilaton is constant, and equals in all the regions (2.4),(2.5),(2.6) to its value in the group (2.8):
This background is the same one obtained in [17, 18] by a certain compactification of AdS 3 on a circle, and it is equivalent to a KK reduction of the extremal BTZ black hole to two dimensions; see appendix B for details.
Each of the backgrounds (3.3) and (3.4) covers a different patch of AdS 2 (see appendix A for more details on AdS 2 ). To show this, we first represent AdS 2 (with a unit radius, for simplicity) as the infinite cover of the hyperboloid
in IR 2,1 with metric
one obtains the metric (3.3). Hence, region A (or C) covers a patch of AdS 2 with X 2 > 1 and X 1 > 0 (or X 2 < −1 and X 1 < 0 4 ). Similarly, parametrizing
one obtains the metric (3.4). Hence, region B covers the patch −1 < X 2 < 1 and
To get the maximal extension of the EBH, one considers the infinite regions obtained from gauging the universal cover of SL(2, IR) (see [6, 7] for details). This maximally extended EBH covers the full AdS 2 -the universal cover of the hyperboloid (3.6) (see appendix A). The location of the various regions in the AdS 2 strip is described in figure 1 . 
What happens if instead we take M 2 = Q 2 in the 2-d background written in the Schwarzschild-like coordinates (2.10),(2.11)? As in the non-extremal case, one finds an asymptotically flat background with a linear dilaton, namely, at r → ∞:
This background is thus different from the AdS 2 background above. The reason for this is that the coordinate transformation (2.9) is ill defined in the extremal case: the dilaton is a constant (3.5) and hence r in eq. (2.9) is fixed at the horizon (2.13),(2.12): r = M .
Consequently, to compare to the quotient CFT background in the p = 1 case, we are led to investigate the near horizon limit of the extremal 2-d black hole.
The near horizon limit is obtained, for instance, by inserting r = M + u in (2.10) with
, and keeping only terms with u ≪ M . After rescaling t, one obtains
For u ≥ 0, this background is the Poincaré patch of AdS 2 -it covers one half of the hyperboloid (3.6) (see appendix A and [19] for a review) -with a gauge field.
We have thus learned that the exact CFT background
with the gauged U (1) acting in a maximally asymmetric way (3.1) describes both the physics of string theory in the near horizon limit of an extremal 2-d black hole or, equivalently, in an AdS 2 background with a gauge field. Another relation between (3.3),(3.4) and an AdS 2 black hole is described in subsection A.4 of appendix A.
String Theory on EBH × N
We now discuss various perturbative string vacua (see [20, 21] for a review) in the EBH background. In subsection 4.1 we begin with the bosonic string, in subsection 4.2 we sketch the construction of type II and type 0 fermionic string vacua, and in subsection 4.3 the heterotic string is introduced.
Bosonic String Theory on EBH × N
The bosonic string theory has tachyons, but as usual it is constructive to consider first the bosonic string on EBH × N . In this case EBH × N is a CFT background with c = 26.
Physical vertex operators are obtained by dressing an operator V N in the CFT N with an operator in EBH, such that the on-shell mass condition and other physical conditions are satisfied. For instance, some vertex operators in EBH are obtained from primaries of
by imposing the gauge condition (see eq. (52) in [6] )
Here V jmm is a primary of Moreover, the global SL(2, IR) Lie algebra -generated by L 0 , L ±1 -is enhanced to a full Virasoro symmetry in target space, generated by the operators L n with n ∈ Z, constructed in eq. (2.36) of [8] .
The AdS 2 nature of EBH suggests that this Virasoro symmetry is the conformal group of a certain Conformal Quantum Mechanics, as expected in the AdS 2 /CF T 1 conjecture
[23] (see [19] for a review). For a closely related discussion see [18] .
Type II and 0 String Theory on EBH × N
To construct fermionic strings we consider the SCFT on EBH × N with a central charge c = 15. If the CFT background N has an affine U (1) symmetry, and N /U (1) has an N = 2 supersymmetry, the worldsheet theory on EBH × N allows to construct string vacua with space-time superconformal symmetries. Such superstrings on EBH × N can be constructed in a similar way to the supersymmetric string vacua on AdS 3 × N , studied in [24, 25, 26] . Generically, only one half of the superconformal symmetries in AdS 3 survive in the superstring on EBH -the ones associated with the SL(2, IR) L left-moving symmetry, which survives the gauge condition (4.2). Type 0 string theory on EBH × N can be obtained in a standard way. Both type II and 0 string vacua on EBH have a space-time Virasoro symmetry generated by the operators L n constructed in eq. (3.5) of [8] . The construction of physical vertex operators in these theories is a straightforward generalization of the discussion in AdS 3 × N [8, 27, 28] and the previous subsection, with the gauge condition (4.2), the appropriate mass shell condition, other physical conditions and GSO projection applied.
Heterotic String Theory on EBH × N
In the heterotic string on EBH × N we consider the superconformal extension of of EBH, and embed it such that the right-moving SCFT is part of the fermionic sector, while the left-moving SCFT is part of the bosonic sector. Moreover, w.l.g. we choose x L in A particularly interesting case is the two dimensional heterotic string on EBH or, equivalently, the heterotic string on AdS 2 . This is the topic of the next section.
2-d Heterotic String Theory on EBH ≡ AdS 2
The structure of the CBH background -
-allows us to embed it in a two dimensional heterotic string theory. To discuss the 2-d heterotic string on EBH (or, equivalently, on AdS 2 with a gauge field), we first consider the slightly simpler, closely supersymmetry. The right-moving U (1) R current of this N = 2 algebra isJ R = i √ 5∂H, whereH(z) is a canonically normalized scalar:H(z)H(w) ∼ − log(z −w). Space-time supercurrents correspond to chiral spin fields on the worldsheet:
whereφ(z) is the scalar appearing in the bosonization of the superconformal ghosts.
The left-moving bosonic sector consists of the same N = 2 SCFT with central charge c = 15, and with a U (1) R-current: One can obtain consistent, stable 2-d heterotic string vacua by either performing a diagonal GSO projection or a chiral GSO projection -mutual locality with (5.1).
6
Moreover, there are various ways to construct such modular invariant heterotic vacua, each is specified by its gauge symmetry. The latter is generically generated by left-moving currents. We now discuss two consistent heterotic vacua -those which correspond to a symmetric embedding of the gauge connection in the spin connection:
(1) U (1) × SO (22): We can construct a consistent heterotic string background with (2) SU (5) × E 8 : This heterotic string has an E 8 gauge symmetry generated by chiral currents in the adjoint of SO (16), given by 120 bilinears in 16 of the λ's, say λ 7 , .., λ 22 , and the spinor 128 of this SO(16) generated by the spin fields of these 16 λ's. In addition there is an E 4 ≡ SU (5) gauge symmetry, whose holomorphic currents are:
4)
6 In the latter case it is not clear to us if there is a consistent non-trivial theory; in the former case, the consistency of the theory in its "flat limit" will be discussed below.
where S α and Sᾱ are spin fields in the 4 and4 representations of SO(6), respectively.
Hence, the currents (5.4) are in the adjoint (1⊕
6×5
2 ) plus spinor and spinor bar (4⊕4) of U (1) × SO(6), respectively, which is equivalent to the adjoint of SU (5):
We thus find that the gauge symmetry is SU (5) × E 8 .
In the "flat limit" SL(2, IR)/U (1) → IR φ × S 1 (or IR φ × IR t in the Lorentzian case),
where IR φ is the SCFT of a scalar with a linear dilaton 7 (and IR t is time), the U (1)×SO (22) and SU (5) × E 8 are enhanced to SO(24) and SO(8) × E 8 , respectively. The enhanced symmetry is due to the existence of two extra free fermions -ψ φ and ψ t -which together with the 22 λ's now give rise to these enlarged gauge groups. In this case, the one loop partition function of a 2-d heterotic string with a diagonal GSO projection was computed in [3] . For the SO(24) string it is the modular invariant function (5.8) 7 To obtain a weakly coupled string theory, we can re-add either an N = 1 Liouville superpotential or an N = 2 Liouville superpotential. The latter case is dual to the SL(2, IR)/U (1) SCFT [29] . In the former case only a diagonal GSO projection can be done -the one discussed below. 8 For simplicity, here and below we write the vertex operators corresponding to zero energy; for non-zero energy E an e iEt piece should be added and the Liouville dressing factor should be changed accordingly to e (−1+iE)φ , so that the on-shell mass condition is satisfied.
Here Z SO(8)×E 8 (τ ) = 0, and indeed there is an equal number of space-time bosons and fermions: 8 massless scalars in the fundamental representation 8 v of SO (8) , in the (NS,NS) sector, whose vertex operators are
where λ a are the 8 free worldsheet fermions constituting the SO(8) part of internal space, and 8 chiral and anti-chiral space-time fermions, in the (R,R) sector 9 , with vertex operators:
where S α and Sᾱ are spin fields in the 8 s and 8 c spinor representations of SO (8), and the other notations are as in (5.1).
Remarkably, as was observed more than a year ago [1] , the partition functions (5.6) and We conjecture [1] that the 2-d heterotic string on IR φ × IR t is dual to the N = (2, 1) string on IR φ × IR t × IR x × IR ρ , where IR ρ is the SCFT of a time-like scalar with a linear dilaton and IR x is a space-like scalar 10 . Fixing the null Abelian gauge by setting p x = p ρ = 0, we obtain 11 in vertex operators a factor e iEt+(−1+iE)φ e −ρ (instead of the factor e iEt+iEx in flat space). Now the two theories have the same space-time symmetries. It 9 Note that in the heterotic string every operator whose right-moving part is in the Ramond sector corresponds to a space-time fermion. 10 This SCFT on IR 2,2 with a null-like linear dilaton is the "near horizon" of a solitonic configuration in IR 2,2 , of the sort studied in [32] . 11 The gauging in a direction with a linear dilaton may be done along the lines of eqs. (6.40) -(6.42) in [33] . Gauging the IR In a similar way, one can construct two dimensional heterotic strings on the non- For the extremal black hole we have obtained, instead, a two dimensional heterotic string on AdS 2 . In this case we expect a dual CF T 1 . Such a CF T 1 can perhaps be similar to the ones proposed for type 0A or type IIA string theory on AdS 2 : a certain Conformal Quantum Mechanics, which might be related to (a supersymmetric extension of) a theory of free fermions in a potential of the form V ≃ Q 2 /r 2 (as proposed in [34] for type 0A on AdS 2 with Q units of RR flux), or perhaps a version of a supersymmetric Calogero-Moser model (as proposed for type IIA on AdS 2 in [35, 36] , where the above eigenvalue potential
. There is however a serious problem with these CF T 1 candidates. The first candidate has an SL(2, IR) symmetry [37] , but we do not know how to enhance it to a Virasoro symmetry. The Calogero models have a Virasoro and other affine symmetries [38] , but they both have zero central charges. On the other hand, our space-time theories have a Virasoro symmetry with central charge c st ≃ 1/g 2 s (see the next section) and affine symmetries with level k st ≃ 1/g 2 s . Hence, it seems that the dual space-time theory has the properties of an holomorphic CF T 2 with a large central charge -closely related to the symmetric product duals to string theory on AdS 3 , as follows from the facts in appendix B and the study in [27, 28] -rather than one of the known CF T 1 's discussed above.
Entropy and Reflection
In this section we discuss the entropy of the 2-d extremal black hole evaluated by using some aspects of its non-perturbative space-time dual, and the reflection coefficient of waves scattered from its event horizon by using string perturbation theory in the exact CFT description.
Some thermodynamical properties of the 2-d CBH (2.10) were studied semi-classically in [39, 7] . The entropy of the CBH is
where r + is given in (2.13). In particular, in the extremal case the entropy is 2) where in the last equality we used the dependence of the 2-d black hole mass on the string coupling (2.12).
In string theory on EBH × N it is interesting to understand how to obtain such an entropy by counting the number of microstates. Generically, the study in this work provides a partial answer. Since the EBH background is equivalent to the extremal BTZ (see appendix B), they share the same entropy. In string theory on the BTZ black hole, the degrees of freedom consist of states in the Ramond sector with [40, 41, 8] . The semiclassical entropy of the BTZ black hole indeed matches the number of states in this CF T 2 , as obtained from the Cardy formula [41] : 
where j is related to the momentum p along the radial direction by j = − 13 Note that although the KK reduction of the BTZ black holes to 2-d yields asymptotically
AdS 2 black holes [42, 17] , unlike (2.10) -(2.12) which are asymptotically flat, we expect the entropy of both black holes to be dominated by near horizon microstates, and hence to be similar even in the non-extremal case.
For incoming waves with energy m and momentum p (p, m > 0), we thus obtain
Therefore, part of the incoming flux is absorbed by the black hole.
Acknowledgements: The relation of the 2-d heterotic string to the N = (2, 1) string, and the conjecture that they are dual, was done with David Kutasov [1] Two dimensional Anti-de-Sitter space (AdS 2 ) can be represented as (the infinite cover of) hyperboloid (see [19] for a review)
There are various useful coordinate systems which we describe in the following subsections.
A.1. Global Coordinates
A solution of (A.1) is given, for instance, by parametrizing X 0 =Rcoshρ cos τ , represents closed time-like curves in the τ direction. By unwraping τ to −∞ < τ < ∞ we obtain the infinite cover of the hyperboloid, and avoid the problems of closed time-like curves. Usually, by AdS 2 we mean this universal cover.
A.2. The Strip
To investigate the causal structure it is convenient to do a conformal transformation to flat space. For that purpose we introduce a coordinate ϕ, related to ρ by
Now the metric (A.4) turns into
and by a conformal transformation we thus obtain
This is a two dimensional flat strip, where time runs all along the strip, the two boundaries of AdS 2 are mapped to the boundaries of the strip at ϕ = ±π/2, and light-like directions are 45 degrees lines in the (τ, ϕ) plain. We shall refer to this background as an "AdS 2 black hole" with a mass related to m.
A.3. Poincaré coordinates
Actually, by rescaling r and t we see that only the sign of m is important, so w.l.g. we consider only m = ±1. For m = −1, we find that the background Hence, for r ≥ 1 the background (A.13) covers region A in the extremal AdS 2 black hole.
Similarly, −1 ≤ r ≤ 1 (r = cos χ, for which (A.13) is equal to (3.4)) covers region B, and r ≤ −1 (r = −coshχ) covers region C. The gauge field of (3.3),(3.4) in these r, τ
coordinates is where x is compact and y, θ are the same as in section 2. After changing coordinates to
we find 4 k ds quotient CFT -leading to the EBH (or AdS 2 with gauge field) upon KK reduction -is equivalent to an orbifold of AdS 3 .
Finally, let us note that this background is actually equivalent to the extremal BTZ black hole [44] . Such three dimensional black holes, with mass M BT Z = r 2 + + r 2 − and angular momentum J BT Z = 2r + r − , can be constructed as orbifolds of the SL(2, IR) CFT [45, 46] by (see e.g. [47] for similar notation to those we use):
g ≃ e π(r + −r − )σ 3 ge π(r + +r − )σ 3 . (B.6)
Hence, the orbifold (B.4) is the BTZ black hole with M BT Z = |J BT Z |.
